We report and discuss JHK S photometry for Sgr dIG, a very metal-deficient galaxy in the Local Group, obtained over 3.5 years with the Infrared Survey Facility in South Africa. Three large amplitude asymptotic giant branch variables are identified. One is an oxygen-rich star that has a pulsation period of 950 days, that was until recently undergoing hot bottom burning, with M bol ∼ −6.7. It is surprising to find a variable of this sort in Sgr dIG, given their rarity in other dwarf irregulars. Despite its long period the star is relatively blue and is fainter, at all wavelengths shorter than 4.5µm, than anticipated from period-luminosity relations that describe hot bottom burning stars. A comparison with models suggests it had a main sequence mass M i ∼ 5 M ⊙ and that it is now near the end of its AGB evolution. The other two periodic variables are carbon stars with periods of 670 and 503 days (M bol ∼ −5.7 and −5.3). They are very similar to other such stars found on the AGB of metal deficient Local Group Galaxies and a comparison with models suggests M i ∼ 3 M ⊙ . We compare the number of AGB variables in Sgr dIG to those in NGC 6822 and IC 1613, and suggest that the differences may be due to the high specific star formation rate and low metallicity of Sgr dIG.
INTRODUCTION
The Sagittarius Dwarf Irregular Galaxy (Sgr dIG) is one of the outermost members of the Local Group. It is a particularly difficult galaxy to observe as the field (l = 21 o , b = −16 o ) is dominated by foreground stars from the Galactic disk and bulge. Nevertheless, it has come under increasing scrutiny in recent years, primarily because of its extremely low metallicity (the most recent measurement being [Fe/H] = −1.88 +0.13 −0.09 (Kirby et al. 2017) , although earlier estimates were lower), which makes it more representative of the early universe than other systems in which individual stars can be studied. The oxygen abundance measured from H regions is also low, with 12 + log(O/H) in the range 7.26 to 7.50 (Saviane et al. 2002) . The young blue stars are concentrated towards the centre of Sgr dIG while the redder stellar populations are more widely distributed and the H gas covers a much bigger volume (Beccari et al. 2014; Higgs et al. 2016 , and references therein). The star formation history (Weisz et al. 2014) suggests an extended period of star formation and is similar to that of other dwarf irregulars, although it has the highest gas fraction of any galaxy in the Local Group and a particularly high specific star formation rate, making it one of the fastest growing galaxies in the Local Group according to Kirby et al. (2017) . While it appears to be isolated it shows signs of interaction (Higgs et al. 2016) , including dusty AGB candidates in its outer regions (Cook & Aaronson 1988; McQuinn et al. 2017 ). Demers & Battinelli (2002) identified C stars via narrow band optical photometry and Gullieuszik et al. (2007) via JHK S photometry. Most of these will be AGB stars. Boyer et al. (2015a,b) identified a number of upper AGB candidates on the basis of their positions in a Spitzer (3.6 and 4.5 µm) colour-magnitude diagram and/or their variability.
For the Sgr dIG Momany et al. (2005) give E(B − V) = 0.12 ± 0.05 and find (m − M) 0 = 25.10 ± 0.11, Beccari et al. (2014) use E(B − V) = 0.107 ± 0.10 and get (m − M) 0 = 25.16 ± 0.11, while Higgs et al. (2016) and McQuinn et al. (2017) find (m − M) 0 = 25.36±0.15 and 25.18±0.04, respectively; all estimates are from the red giant branch tip (RGBT). In the following we assume a distance modulus of 25.2 and an interstellar extinction of A V = 0.34, which results in A J = 0.1, A H = 0.06 and A K = 0.04, but our findings are not sensitive to the interstellar extinction. Where we make use of relations defined for the LMC we assume its distance modulus to be 18.5.
This work forms part of a broad study of AGB variables in Local Group galaxies which so far has covered the dwarf spheroidals: Leo I (Menzies et al. , 2010 , Phoenix (Menzies et al. 2008) , Fornax (Whitelock et al. 2009 ) and Sculptor (Menzies et al. 2011) , as well as two dwarf irregulars, NGC 6822 and IC 1613 (Menzies et al. 2015) .
Stars up to about 10 M ⊙ are thought to undergo AGB evolution, where they reach very high luminosities while undergoing large amplitude pulsations. Dredge-up on the thermally pulsing AGB will increase the abundance of atmospheric carbon, turning normal O-rich stars into C-rich stars once C/O exceeds unity. The lower the initial O-abundance the more rapid the transition to C-rich star will be. However, it is now clear that AGB stars above a certain mass will undergo hot bottom burning (HBB), and the dredged-up carbon is burned to nitrogen, so the stars become O-rich again. The HBB process produces additional luminosity so these stars will be brighter than the core-mass luminosity relation predicts. Unfortunately, even the broad details of nucleosynthesis, dredge up and HBB, as well their dependence on initial metallicity, remain very uncertain (Doherty et al. 2017; Karakas et al. 2017) . Even the upper limit to the mass range for AGB evolution is uncertain, and is usually quoted at around 8 to 12 M ⊙ for the most massive super-AGB stars. Understanding these stars is vital for establishing the mass boundary between stars that will produce supernovae and those that end as white dwarfs and its dependence on abundance. It is therefore of particular interest to isolate luminous large-amplitude variables in a variety of environments with the objective of identifying HBB and/or super-AGB stars that can be studied in more detail.
MIRA PERIOD LUMINOSITY RELATION (PLR)
In addition to finding luminous large amplitude variables, one of the main objectives of our studies is calibrating and testing the PLR for Mira variables in different environments, in particular for Miras because these are easily identified as large amplitude luminous stars that potentially rival Cepheids as distance indicators (Feast 2013; Whitelock 2013; , and other works in our series on Local Group galaxies). We expect increasing interest in these variables and the PLR following commissioning of the James Web Space Telescope and with the use of adaptive optics in the next generation of ground based extremely large telescopes.
Early work on the PLR (e.g., Feast et al. 1989; Hughes & Wood 1990 ) was based on observations of LMC Miras and showed a clear relation at near-infrared wavelengths, as well as for the bolometric magnitude. Separate relations were derived for O-and C-rich variables, although the differences between these were small. For distance scale purposes the K PLR appears to be the best; the amplitude is less than at shorter wavelengths as are the effects of interstellar and circumstellar reddening. It was clear even at this early stage that longer period (P > 420 days) O-rich Miras are brighter at K than a linear PLR relation fitted to shorter period stars would predict. Wood et al. (1999) showed that the Mira sequence represents fundamental pulsation and that semi-regular AGB variables also obey PLRs, but many of them pulsate in harmonics instead of, or as well as, in the fundamental mode. This work has subsequently been consolidated and extended by several other groups (e.g., Ita et al. 2004; Soszyński et al. 2009) .
It is well known that the period (P) of a radially pulsating star is a function of its density (ρ) and therefore of its current mass through the relation P √ ρ = constant. Observations of Globular Clusters and the kinematics of Miras (Feast & Whitelock 2000; Feast et al. 2006 ) indicate that P is also a function of the star's initial mass, from which we can deduce that, at least among short period Miras, there can be little evolution of period once a star becomes a Mira (i.e. a fundamental mode pulsator). Wood (2015) discussed the possible extent of evolution within the PLR. The fundamental (Mira) PLR can be understood as the locus of the end points of AGB evolution of stars of different initial mass and the period is a function of both the initial mass and the current mass. The PLR can also be understood as a consequence of the core-mass luminosity relation. As more Miras were discovered via infrared surveys (e.g., Cioni et al. 2001; Ita et al. 2004; Menzies et al. 2010 Menzies et al. , 2008 Menzies et al. , 2011 Menzies et al. , 2015 Whitelock et al. 2009 Whitelock et al. , 2013 it became clear that many C-rich Miras fall below the K PLR, even at relatively short period. This is a consequence of high circumstellar reddening and almost all of these reddened stars do fall on the bolometric PLR as our cited work on Local Group galaxies shows. Whitelock et al. (2003) suggested that the bright long period O-rich stars are actually HBB and this is why they are more luminous than the core-mass luminosity relation would predict. They further suggested that very long period Miras, i.e., OH/IR stars with P > 1000 days, lie on the bolometric PLR, as they are no longer HBB (the bolometric luminosities of these very dusty stars are difficult to establish with very limited mid-infrared data). The first part of this conclusion, that the stars are HBB, seems sound. The second part, that the very long period stars fall on the extrapolated PLR, is not entirely consistent with new work that includes more detailed mid-infrared studies. Ita & Matsunaga (2011) discuss the LMC PLRs at various wavelengths from the near-to the mid-infrared and conclude that there is a kink in the PLRs between 400 and 500 days, such that the relation is steeper in the longer wavelength range. More recently Yuan et al. (2017) have discussed essentially the same LMC data (and similar data for M33) and fitted a quadratic PLR as a better representation of the slope change. The differences between the Yuan et al. quadratic and the two straight lines of Ita & Matsunaga is not significant in most practical terms, given the uncertainty associated with measured magnitudes. The clear interpretation of the multiple linear PLRs, in terms of fundamental and harmonic oscillations (Wood et al. 1999; Wood 2015) , would make it surprising if the PLR were non-linear over the short period range. At longer periods it is not clear how HBB affects the structure of the star and hence the pulsation period as well as the luminosity. Therefore it is not yet possible to predict whether the PLR should be linear or not. Riebel et al. (2015) derived PLRs for multiply observed (so that mean magnitudes can be discussed) Magellanic Cloud Miras at [3.6] and [4.5], but omitted the so-called extreme AGB stars (x-AGB). These x-AGB stars have thick dust shells and are variously defined as those with J − [3.6] > 3.1, J − K > 2 or [3.6] − [4.5] > 0.15 (Riebel et al. 2015; Boyer et al. 2015a ). Whitelock et al. (2017) used the Riebel et al. data, but included the x-AGB stars in their PLR analysis. For C-rich Mira variables they found a more complex relation with a colour dependency. It is beyond the scope of this paper to discuss this in more detail, and further work is needed to understand and characterise the behaviour of the longer period Miras. It seems likely we may have to separate those with periods significantly above 400 days in ways that depend on other parameters.
In the following we discuss the AGB variables in the same terms as we have in our earlier work on Local Group galaxies while using the Ita & Matsunaga and Yuan et al. relationships to deal with HBB stars.
PHOTOMETRY
Observations were made with the SIRIUS camera on the InfraRed Survey Facility (IRSF) at Sutherland. The camera produces simultaneous J, H and K S images covering a 7.68 × 7.68 arcmin The aim of the observational series was to find long-period variables; observations were made at 17 epochs spread over 3.5 years. For this field, 10 dithered images were combined after flat-fielding and dark and sky subtraction. Exposures were of either 40 or 60 seconds' duration, depending on the seeing and on the brightness of the sky in the K S band. Photometry was performed using DoPHOT in 'fixedposition' mode, using the best-seeing H-band image as a template. Small differences in pointing amongst the images meant that the area in common to them all for photometry is only 7.2 × 7.2 arcmin square. Aladin was used to correct the WCS on each template and RA and Dec were determined for each measured star. This allowed a cross-correlation to be made with the 2MASS catalogue (Cutri et al. (Girardi et al. 2005 ) code (version 1.6) indicates that we would expect about 500 to 520 foreground stars from the Galaxy with 11 < K S < 17.5 (typically all with J − K S < 1.1), compared with the 730 actually observed in this area. This is fewer foreground stars than we might expect given that Gullieuszik et al. (2007) estimate contamination using a nearby field, away from Sgr dIG, and conclude that the stars brighter than K S = 19.5 and bluer than J − K S = 1.1 are most probably foreground and that all the stars redder than this limit are candidate C stars belonging to Sgr dIG.
The RGBT will be at K S ∼ 19.6. All stars with J − K S > 1.1 are brighter than this and therefore probably on the AGB; they fall on the red plume in Fig. 2 . Possible contaminants are brown dwarfs (the simulations produced a brown dwarf with colours and magnitudes that overlap with the C stars in one of fourteen simulations) and unresolved background galaxies (although their J − H is usually slightly smaller than that of C stars with the same H − K S (Whitelock et al. 2009) ). The potential contamination of the red stars is very small and neither brown dwarfs nor background galaxies will be large amplitude variables.
A comparison with IC 1613, a closer dwarf irregular, (figs. 3 and 4 from Menzies et al. (2015) ) shows that the brightest Sgr dIG source is slightly redder and brighter than the four HBB sources in IC 1613 while the other Sgr dIG sources fall in the region of small amplitude C-rich variables. Gullieuszik et al. (2007) searched for carbon stars in Sgr dIG using V, J and K S photometry and their colour-magnitude diagram looks similar to ours, but goes considerably deeper 1 , as can be seen in Fig. 3 . The stars redder than J − K S = 2.0 are too faint for us to measure in all colours, though most are visible on our K S images.
Archival near-infrared photometry
The bright star indicated as a blend in Fig. 3 is our M type variable, V1, discussed in detail below. Gullieuszik et al. (2007) claim that V1 was blended on their images, presumably on the basis of Gullieuszik et al. (2007) . The curved line is the colour magnitude relation for carbon stars from Totten et al. (2000) and the box shows the area in which C stars were found according to the selection criteria of Gullieuszik et al.. a large SHARP parameter in their DAOPHOT photometry, though they do not show the distribution of this parameter for Sgr dIG. We therefore obtained the images used by Momany et al. (2005) , who did not give any photometry for the star, from the HST archive. To extend the time span for calculation of the periods of the variables, we also obtained the SOFI K S and H images from the ESO archive. Aperture photometry was performed on the variables discussed below and the magnitudes were put on the same scale as our photometry. Incidentally, we obtained essentially the same result for K S as Gullieuszik et al. (2007) for V1 (number 21 in their table 4). The extra photometry is shown in Table 1 .
VARIABLE STARS
We are limited by sensitivity, and only one large amplitude variable was found amongst our photometric sample. However, we performed aperture photometry on our K S frames at the positions of the reddest stars from the Gullieuszik et al. (2007) sample, their numbers (GRCHH) 2, 9, 14, 19, 24 and 29. Both GRCHH 14 and GRCHH 19 have large amplitudes but are not obviously periodic, GRCHH 9 may be a small amplitude irregular variable, while GCRHH 29 is not visible on any of our K S frames. GRCHH 2 and 24 appear regular with large amplitudes. The three large amplitude variables are listed in Table 3 , together with mid-infrared photometry from Spitzer (Boyer et al. 2015a,b) . The spectral type for the M star comes from Boyer et al. (2017 in preparation) and is based on HST near-infrared colours. Demers & Battinelli (2002) classified V3 (their C05) as carbon rich using narrow-band colours, while Gullieuszik et al. (2007) classified V2 (GRCHH 24) and V3 (GRCHH 2) as C-rich on the basis of their near-infrared colours. The variables, V1, V2 and V3 are, respectively, about 27, 58 and 104 arcsec from the centre of the galaxy (19:29:59.0 -17:40:41), as can be seen in Fig. 4 .
In their table 3, Boyer et al. (2015b) list eight suspected variables in Sgr dIG, including our V2 and V3, as well as GRCHH 14 and 29 which were discussed above. Of the other four, two are faint ([3.6] > 19) and one of those two is 5.5 arcmin from the centre of the galaxy, while a third suffered from column pull down in the Spitzer imaging; the eighth source is quite faint on the K S N E + Figure 4 . Finding chart for the 3 variable stars using the template K S image. The variables are circled, and the centre of the galaxy is marked by a cross. The field shown is 7.68 arcmin square.
images, is not obviously red and has a close companion. None of these is a strong candidate Mira variable. V1 is the brightest of six stars that Boyer et al. (2015b) None of these 3 is a highly likely Mira candidates. The fifth star (DUSTiNGS 50071) is a Mira candidate, but can be seen to have a close red companion in the HST images, which will confuse the K S photometry. For the Mira candidates, observations taken within 4 days of each other were averaged to provide a single measurement and periods were determined as in our earlier work (Whitelock et al. 2009 ). The resulting JHK S Fourier means (mag), peak-to-peak amplitudes of the Fourier fitted light curves (∆mag), and periods (P) are listed in Table 4 , where N epochs were used for the quoted data and 'redC' is the reddening corrected magnitude. The statistical errors in the period are very small and systematic effects, such as long term variations in the mean light level, suggest a conservative uncertainty of less than 10%.
The M star: V1
The light curves of the M star appear asymmetric (see Fig. 5 ), with the rising branch steeper than the falling branch, and for this reason the Fourier fits were made in the second order. This should not be over-interpreted as the observations clearly cover two falling branches, but we have no measurements over the time period during which it brightens.
Doing the period analysis from the data in Table 2 together with the additional H and K S photometry from Table 1 results in periods for V1 of 946 days at H and 1055 days at K. These values are strongly influenced by the isolated observations, so we can be confident that this star has a period of the order of 1000 days, but a much longer time series is required to establish the exact value. For the discussion below we use a period of 950 days derived from the IRSF K S data.
As noted above, Gullieuszik et al. (2007) find V1 to be blended. In the Momany et al. (2014) catalogue, there are measurements in 3 bands for 11 stars inside a circle of diameter 3 arcsec centred on the variable. Using these data we estimate that the neighbouring stars contribute only about 0.1 mag to the J mean magnitude of the variable, and probably somewhat less to K S , so its position in the K S , J − K S (Fig. 1) The fact that the amplitude (Table 4) at J is larger than at K S and that J − K S is reddest when K S is faintest (Fig. 5) both support the conclusion that the photometry is not confused by any nearby bluer source.
For stars of this colour the correction from the 2MASS system to the SAAO system (Carpenter 2001) 2 is essentially zero, so correcting only for reddening we have K 0 = 15.7. The PL rela- 
The C stars: V2, V3
For V2 we only have the K S time series, combining the data from Tables 1 and 2 , and the colours from Gullieuszik et al. (2007) , as the star was too faint for us to measure at shorter wavelengths. The same applies to V3 although we also have H magnitudes for this bluer star. It is possible to estimate the bolometric magnitudes for these stars using our Fourier mean K S magnitudes and the (J − K S ) colours from Gullieuszik et al. (2007) , noting that they observed V2 close to minimum and V3 close to maximum light and that their photometry is on the LCO system (see Carpenter 2001) . K S and (J − K S ) are converted to K and (J − K) on the SAAO system following Carpenter (see section 4.1), and then used to estimate the bolometric correction and magnitude following Whitelock et al. (2006) . These can be compared to the bolometric magnitudes predicted by the PL relation (equation A1, M bol = 3.89 − 3.31 log P, from Whitelock et al. (2009) , after correcting the LMC distance modulus from 18.39 to 18.5), noting the caveats in section 2.
V2 (GRCHH 24) is the reddest of the stars in table 4 of Gullieuszik et al. (2007) , for which they quote J − K S = 4.147. We use J − K S ∼ 4.0 as the estimated mean 2MASS colour and derive SAAO-system reddening-corrected values of K 0 = 17.13 and (J − K) 0 = 4.3, leading to m bol = 19.45 and M bol = −5.75, compared to M bol = −5.46 predicted by the PL relation. V3 (GRCHH 2) has J − K S = 2.360 in table 4 of Gullieuszik et al. (2007) . We use J − K S ∼ 2.4 as its mean 2MASS value and derive K 0 = 16.4 and (J − K) 0 = 2.5 on the SAAO system, leading to m bol = 19.86 and M bol = −5.34, compared to M bol = −5.05 predicted by the PL relation.
Thus both of the C stars are about 0.3 mag brighter than the linear PLR would predict. Given the uncertainty in the colour, the bolometric correction and the distance this difference is not significant. It seems likely that Sgr dIG V2 and V3 represent the longest period and most luminous examples of the C-rich Miras in Sgr dIG and their initial mass is discussed in section 6. Short period Miras may also be present.
Flux Calculation and Bolometric Magnitudes
We have made use of all available photometry to construct flux curves for the variables. Apart from the IRSF JHK S measurements reported above, we have measured V1 and V2 on the HST images referred to above to give [475] , [606] and [814] magnitudes for V1 and an [814] magnitude for V2. V3 is outside the field of the HST images. The K S magnitude for V2 was found from our photometry of the ESO images referred to above. Mid-infrared magnitudes were obtained from WISE photometry (Cutri & et al. 2012) , and Spitzer [3.6] and [4.5] magnitudes from Boyer et al. (2015a,b) . The photometry was corrected for reddening using the curve from Schlafly et al. (2016) adjusted to give A V /E (B−V ) = 3.23. Conversion from magnitude to flux was carried out using zero-point data obtained from the Gemini web page (http://www.gemini.edu/sciops/instruments). Integration under the curves resulted in apparent bolometric magnitudes. Errors are determined on the basis of the catalogued WISE and Spitzer values. Further uncertainty, which is difficult to quantify, is introduced because the photometry longward of 2.2µm refers to different phases and light curves are not available in those wavebands to allow the appropriate magnitudes to be used. The amplitudes of these dusty C stars at [3.5] and [4.6] are typically one magnitude, but can be more (see Whitelock et al. 2017, fig. 1 ). The normalised energy distributions of the variables are shown in Fig. 8 and the bolometric magnitudes are given in Table 4 .
This simple method of estimating the integrated flux gives a bolometric magnitude (−5.7, 19 .53) for V2 that is close to the value derived in section 4.2 from the bolometric correction (−5.7, 19.45) . These values are also close to the expectation from the PL relation for C stars (−5.46, 19.74 ; see section 4.2 and Whitelock et al. (2009) ).
In the case of V3, the catalogued value of W3 is listed as an upper limit, so we estimated W3 from fig. 19 of Nikutta et al. (2014) , assuming an error of ±0.3. The flux derived from the nearinfrared and WISE data (−5.7, 19.46 ) is 0.4 mag brighter than that derived from the bolometric correction (−5.3, 19.86) . Inexplicably, the Spitzer [3.6] and [4.5] magnitudes are about 1 mag and 0.7 mag brighter than the WISE W1 and W2 values; the mean phases of the two data sets are about the same, though the Spitzer data were obtained about one cycle later than the WISE ones.
For V1, we find a bolometric magnitude of (-6.70, 18.50) from the flux integration. We do not have a calibration of bolometric correction with colour for stars with such unusual flux distributions. Its luminosity is discussed further in the next section.
DISCUSSION OF V1 AND THE PLR
Given the unusual characteristics of this star as described by Boyer et al. (2015a) and Boyer et al. (2017 in preparation) , i.e. extreme AGB mid-infrared colours and magnitudes and the H 2 O absorption characteristic of an M star, we reject any possibility that it is not the same star as that for which we have determined the period. A comparison with the colour-magnitude diagram for IC 1613 (Menzies et al. 2015) and isochrones from Marigo et al. (2008) shows V1 to be where HBB variables are expected. Its position in the galaxy, within the volume occupied by young blue stars, is consistent with its being relatively massive and the comparison with theory in section 6 provides more insight.V1 is slightly brighter and (2015)) and Sgr dIG. Table 5 ). The long period of V1 puts it in a part of the PLR where HBB is important and the extrapolated SAAO relation ) falls significantly below those from Ita & Matsunaga (2011) and Yuan et al. (2017) (see section 2). This is illustrated in Fig. 9 which shows the various K S PLRs together with the data for V1 and the four HBB stars from IC 1613. The error bars show the amplitudes of the sine curves that best fit the K S light curves, and are therefore slightly smaller than the observed spread (PLRs for Miras are sometimes shown with single observations rather than mean magnitudes and it is important to appreciate the spread that arises simply from variability). Three of the four HBB Miras in IC 1613 lie close to the bright PLRs, while the fourth is even brighter (and could possibly be an overtone pulsator). V1 is about 1.2 mag fainter than the bright PLRs and on the extrapolated SAAO PLR.
The Spitzer photometry of V1 is the mean of two epochs (JD 2455886 and JD 2456089) (Boyer et al. 2015a ) and it was not recognised as variable. If the mid-infrared light-curve shows the same behaviour as the near-infrared one, both the DUSTiNGS observations were obtained at about the same phase, corresponding approximately to mean light. Yuan et al. (2017) , (4) Ita & Matsunaga (2011) , (5) Whitelock et al. (2008 , 2009 ), Riebel et al. (2015 , (6, 7, 8) We can compare the bolometric magnitude given in Table 4 with the predictions of the Ita & Matsunaga (2011) PLR (columns 4 and 7) and linear extrapolation of the Whitelock et al. (2009) PLR (columns 5 and 8) . It lies between the two relations and at M bol ∼ −6.7 is about half a magnitude brighter than the 4 HBB stars in IC 1613, which have M bol between -6.0 and -6.3. This is to be expected since the flux distribution (Fig. 8) shows that the bolometric magnitude will depend strongly on the mid-infrared flux. Table 6 , for comparison, tabulates the deviation from the PLRs of one of the IC 1613 HBB stars (no. 3011 from Menzies et al. 2015) . This star falls very close to both the Yuan et al. (2017) and Ita & Matsunaga (2011) relations, at all wavelengths (see columns 6 and 7).
The appendix (section 10) to this paper describes a search for stars similar to V1 in the LMC (i.e. long periods, blue colours and low K S luminosities), but no convincing candidates are identified. Thus it seems that although V1 has many of the characteristics of a HBB Mira it is distinctly different from such stars known in other galaxies.
COMPARISON WITH THEORETICAL MODELS
Thermally Pulsing (TP)-AGB tracks are computed with the -code (Marigo et al. 2013) for two values of the initial stellar mass (3.0 M ⊙ and 4.8 M ⊙ , see Fig. 10 ) and initial composition with metallicity Z=0.0002, and helium abundance Y=0.249. This choice is suitable to represent the abundance ratio [Fe/H] = −1.88, assuming a metallicity for the Sun of Z = 0.0152 (Caffau et al. 2011; Bressan et al. 2012 ). The evolution is followed up to the complete ejection of the envelope by stellar winds. During the initial stages on the Early-AGB mass loss is described with a modified version of the Cranmer & Saar (2011) formalism suitable for cold chromospheres. At larger luminosities, when radiation on dust is expected to drive the wind, we adopt the Bloecker (1995) formula (with the efficiency parameter η = 0.05) as long as the surface C/O < 1, and the routine provided by Mattsson et al. (2010) for C/O > 1, based on dynamic atmosphere models for pulsating C stars. More details of the models will be provided in a forthcoming theoretical paper (Pastorelli et al., in preparation).
TP-AGB models account for the changes in the envelope composition due to the occurrence of the third dredge-up and HBB. The effect of light reprocessing by circumstellar dust in the extended envelopes of mass-losing AGB stars is included following the approach of Marigo et al. (2017) . For C stars, in particular, we use the most recent updates of the dust-growth model and radiative transfer calculations presented by Nanni et al. (2016) . For models with C/O < 1 we used the tables of bolometric corrections calculated by Marigo et al. (2008) . These are based on radiative transfer models presented by Bressan et al. (1998) . Pulsation periods for the fundamental mode are computed as a function of stellar parameters with the aid of the analytic fits in Marigo et al. (2017) , based on new models for long-period variables (Trabucchi et al., in preparation) .
The 3 M ⊙ model fits well with the observed photometric and pulsation properties of the two C stars, providing support for the calibration of the dust properties carried out by Nanni et al. (2016) . The current masses for the two C stars should be in the range
The M star is interpreted as an AGB star of initial high mass (∼ 4.2 − 4.8 M ⊙ ) which has a relatively low current mass (∼ 1.1 − 1.4 M ⊙ ) in a phase of intense mass loss, soon after the extinction of HBB. The third dredge-up is also quenched due to the very low residual envelope mass (0.2 − 0.4 M ⊙ ), so that the formation of a late C star is prevented. We recall that the adopted Bloecker (1995) formula has a strong dependence on the luminosity (∝ L 4.25 ). As a consequence, it predicts high mass-loss rates in bright low-metallicity HBB stars despite their relatively high effective temperatures. According to our present set of stellar models, the initial mass of the progenitor cannot be lower than ∼ 4.2 M ⊙ since below this mass limit TP-AGB stars are predicted to end their lives as C stars and they do not reach the high luminosity measured for V1. The model with M i = 4.8 M ⊙ represents the upper limit for a star with Z = 0.0002 to develop a degenerate C-O core and experience the AGB phase. Just above this mass limit we expect to have stars that enter the super-AGB phase after the end of the C-burning phase. We cannot exclude the possibility that V1 may be a super-AGB star, in which case its luminosity would suggest it is near the lower limit for such stars.
The rather blue JHK S colours of V1 are likely the result of the low abundance of silicon (the key-element for the formation of silicate grains) which limits the amount of silicate dust formed, as well as the relatively high effective temperatures of the models (4500-4000 K) which move the dust condensation radius to larger distances from the star. All this makes dust formation and reddening less efficient. These aspects need a careful investigation through consistent dynamical atmospheres models (e.g. Bladh et al. 2015) .
The long period of 950 days is only reached during the final AGB stages when the mass has been significantly reduced by stellar winds. So the star will soon leave the AGB and enter the post-AGB phase. The time-scales involved are all very short. Our calculations predict that the duration of the TP-AGB phase (from the first thermal pulse up to envelope ejection) of stars in the relevant initial mass interval (from 4.2 − 4.8 M ⊙ ) ranges from ∼ 7 × 10 4 yr to ∼ 2.5 × 10 4 yr. The last interpulse period during which the mass-losing stars quickly accelerate towards very long periods (from ∼ 400 days to ∼ 1000 days) and then leave the AGB is of the order of a few 10 3 yr (from ∼ 9.7 × 10 3 yr to ∼ 3.6 × 10 3 yr).
CEPHEIDS IN SGR DIG
As we are suggesting that V1 is massive in AGB terms (> 4 M ⊙ , see section 6) and given that short period Cepheids presumably evolve into long period Miras, it is worth considering if Cepheids should also be detectable in Sgr dIG.
With the IRSF we would have detected any large amplitude variables with mean K S < 17.2. A Cepheid with K S = 17.2 would have a period of 50 days ) and a mass about 9 M ⊙ (Anderson et al. 2016) , i.e. considerably larger than is likely for V1. Such long period Cepheids are rare; there are only two in NGC 6822 with P>50 days and none in IC 1613, and both these galaxies are significantly more massive than Sgr dIG (as discussed in section 8). We could well expect Sgr dIG to contain Cepheids with periods of a few days, but these are too faint to detect with a 1.4-m telescope (a Cepheid with P=3 days would have K S ∼ 21.5).
This is an illustration of the potential importance of Mira variables in the era of JWST and large ground-based telescopes optimised at infrared wavelengths. Miras will be easily detected where individual stars of low or intermediate mass can be resolved. They should prove very useful probes of stellar populations as well as for the distance scale .
COMPARISON WITH OTHER DWARF IRREGULAR GALAXIES
AGB variables in NGC 6822 and IC 1613 were discussed by Whitelock et al. (2013) and Menzies et al. (2015) , respectively. The numbers of large amplitude variables from those galaxies are compared with the numbers found in Sgr dIG in Table 7 , where M is the total visible mass of stars in the galaxy (from McConnachie 2012), NO H BB is the number of (presumed) O-rich Miras with periods over 450 days, i.e., those we can be reasonably certain are undergoing HBB, P range (col 4) is their range of periods, NC is the number of (presumed) C rich Miras followed by their period range (col 6), while N other is the number of other large amplitude variables found for which no periods could be determined. The survey of NGC 6822 is the most nearly complete, although even there a few C-rich Miras were missed (as discussed in section 6 of that paper) and there may be a very small number of Miras outside the area surveyed. The survey of IC 1613 did not cover the full area of the galaxy and will be incomplete. We can estimate that the total number of C-rich Miras in the areas surveyed will be given by the sum of NC+N other , i.e. 77 and 18 for NGC 6822 and IC 1633, respectively. We would not necessarily expect to find very long period Miras in these galaxies, but none of the surveys would have found very red stars with P > 1000 day. It is also quite possible that some short period O-rich Miras, of the type found in Galactic globular clusters (e.g., Feast et al. 2002) , will have been missed in all three galaxies.
Because the long period O-rich (HBB) Miras are from relatively massive progenitors they will be confined to the central regions of their respective galaxies. This, together with their brightness, colour and large amplitude variations, suggests that the count of these stars should be complete for all three galaxies. The number for NGC 6822 is given as either 4 or 5 because of the uncertain status of the longest period star in that galaxy. This may be a supergiant rather than an AGB star and its low amplitude (∆K S ∼ 0.4) would support that interpretation. If it is an AGB star then it is very interesting and a candidate super-AGB star, with M K = −10.9 and M bol ∼ −8.0; it is certainly worth further investigation. NGC 6822 also has six lower luminosity O-rich Miras with periods between 158 and 402 days, which may be similar to globular cluster Miras.
Thus for Sgr dIG we can be certain that V1 is the only HBB Mira in the galaxy and a remarkable star it is. If we normalise the HBB variable count by the relative masses of NGC 6822, IC 1613 and Sgr dIG (Table 7) we expect, as we do indeed find, the same number in NGC 6822 and IC 1613. In Sgr dIG we expect 0.04, i.e. none at all. The galaxy masses are not accurate, but the existence of this star is nevertheless quite striking. As noted in section 1, Sgr dIG has a particularly high specific star formation rate. It seems likely that V1 is an evolved AGB star with a relatively massive progenitor (section 6), but the situation is complex and beyond the scope of this discussion. Turning now to the carbon stars, we normalise by the relative mass of NGC 6822 and Sgr dIG and expect to find 2 or 3 C-rich Miras in Sgr dIG, where we actually find 2 definite plus 2 probable (there is at least one more possible candidate from Boyer et al. (2015b) as discussed in section 4). This may suggest that our survey of C-rich Miras is very nearly complete. Although it is more likely that the star formation history is more complex than our simple comparisons assume. There are in any case many reasons for investigating Sgr dIG in more detail.
CONCLUSION
Two large amplitude carbon Miras have been identified in Sgr dIG and, within the limits of our investigation, these are comparable to similar stars in other Local Group galaxies and they probably evolved from stars with main sequence masses M i ∼ 3 M ⊙ .
The single O-rich Mira has a particularly long period (950 days), and must have been undergoing HBB. Its observed characteristics are different from all other well-studied AGB variables. Although its mid-infrared colours suggest a dust excess, its near infrared colours are rather blue. Its mean magnitudes do not tie in with the expectations of the PLRs which include HBB stars (Ita & Matsunaga 2011; Yuan et al. 2017 ) (perhaps because it has recently stopped HBB); in particular, it is faint at K S and bolometrically, although close to the Ita & Matsunaga PLR at [4.5] . It would be useful to know more about its longer wavelength flux.
A comparison with models suggests that V1 started with a main sequence mass of around 4.8 M ⊙ and is now in a very advanced short-lived evolutionary state. The fact that we have only found a single star with these characteristics in combined surveys of the LMC, NGC 6822, IC 1613 and Sgr dIG makes a short-lived state plausible, but other alternatives should be considered. It is possible that V1 is in an interacting binary system. Binary Miras are not so unusual and symbiotic Miras have distinct differences from apparently solitary ones (Whitelock 1987; Mohamed & Podsiadlowski 2012) . In any case this star is well worth further study, and monitoring for the changes which might be anticipated if it is in a short lived evolutionary state.
We suggest that the existence of this star and its unusual characteristics may be related to the nature of Sgr dIG, perhaps linked to its very high specific star formation rate, which increases the probability of finding a relatively massive AGB variable despite the low total stellar mass. The low metallicity of Sgr dIG is also significant; it is (along with Leo A ) the most oxygen-poor galaxy in the Local Group (Kirby et al. 2017) . The fact that the C-rich Miras are similar to those in other Local Group galaxies, but that the O-rich star is different, points to abundance as a factor. The low metallicity and low oxygen abundance will affect the efficiency of dust production and type of dust grains that can form in the atmospheres of O-rich AGB stars. Abundances make much less difference to mass loss in C-rich stars as their dust is formed from dredged up carbon, and dredge-up is efficient at low metallicity (Karakas et al. 2002) . Evidence to date (Sloan et al. 2012 , and references therein) indicates that in O-rich stars dust production is a function of metallicity, but in C stars it is not. The relative transparency of O-rich dust compared to C-rich dust in normal Galactic Miras has been discussed by Bladh et al. (2015) and Höfner et al. (2016) , but it is not clear what the O-rich dust will be at very low abundances. Mass-loss is driven through radiation pressure on dust and thus mass-loss and opacities in Sgr dIG O-rich Miras will be very different from those in better studied AGB stars in the Galaxy and Magellanic Clouds. 284193, 284208, 284212, 284379 ,284404, 284405, 284415, 286398, 286459, 286588, 286602 and 286607 . The IRSF project is a collaboration between Nagoya University and the SAAO supported by the Grants-in-Aid for Scientific Research on Priority Areas (A) (no. 10147207 and no. 10147214) and Optical & Near-Infrared Astronomy Inter-University Cooperation Program, from the Ministry of Education, Culture, Sports, Science and Technology (MEXT) of Japan and the National Research Foundation (NRF) of South Africa. We are grateful for observational assistance provided by Noriyuki Matsunaga, Yoshifusa Ita, Enrico Olivier and Shogo Nishiyama. We also thank Martha Boyer and colleagues for allowing us to quote their HST result for V1 in advance of publication and Martha for helpful discussion. (2011) PLR. Six of these are red ((J − K S ) > 1.9) and therefore probably affected by circumstellar extinction. The other 3 are listed in Table 8 and are referred to below as LMC1, 2 and 3; they all fall close to V1 in Fig. 9 . All three have good OGLE light curves showing the bumps on the rising branch that are common in luminous long period Miras (Glass & Lloyd Evans 2003) . LMC2 is near the centre of the LMC and has been better studied than the other two sources. Although it was originally classified as a planetary nebula, Jacoby LMC 19 (Jacoby 1980 ), this was not confirmed (Boroson & Liebert 1989) and it is clearly an AGB variable. It has extra published JHK S photometry (Macri et al. 2015) that ranges in K S from 7.79 to 8.46 mag. This shows that the 2MASS measure was particularly faint, the K S amplitude is > 1.3 mag and the mean magnitude lies very close to the PLR. Multi-epoch IRSF photometry from Ita (private communication) confirms the period and indicates that K S ∼ 9.1 corresponds to minimum light. LMC3 has K S = 8.39 and 8.65 in the DENIS catalogue showing that the 2MASS value is probably nearer the minimum than the mean. The DENIS values for LMC1, K S = 8.98 and 8.86, are very similar to those from 2MASS.
Thus we are left with only a single star in the LMC that might be like V1 in terms of its near-infrared character. The Spitzer magnitudes for LMC1 differ from the Yuan et al. (2017) and Ita & Matsunaga (2011) relations by 0.15 and -0.13 mag, respectively, at [3.5] and 0.07 and -0.26 mag, at [4.5], which suggest it is probably a normal HBB star. More observations are required to confirm this, but there are no strong candidates in the LMC that look like V1 in Sgr dIG.
